Starting from the Maxwell-Bloch equations for a 3D ring-cavity laser, we analyze stability of the nonlasing state and demonstrate that, at the instability threshold, the wave vectors of the critical perturbations belong to a paraboloid in the 3D space. Next, we derive a system of nonlinear evolution equations above the threshold. The nonlinearity in these equations is cubic. For certain sets of four spatial modes whose vectors belong to the critical paraboloid, the cubic nonlinearity gives rise to a resonant coupling between them. This is a nontrivial example of a nonlinear dissipative system in which the cubic terms are resonant. The equations for the four coupled amplitudes have two different solutions which are simultaneously stable: the single-mode one, and a solution in which all the amplitudes are equal, while a certain combination of the phases is π . The latter solution gives rise to a quasiperiodic pattern in the infinite 3D cavity. We also consider effects of the boundary conditions and demonstrate that, if the cavity's cross section is a trapezium, it may support the quasiperiodic four-mode state, rather than suppressing it. Using the Lyapunov function, we find that, for the ring-laser configuration, the four-mode state is metastable. However, we demonstrate that, for a Fabry-Perot cavity, where diffusion washes out the standing-wave grating, this state is absolutely stable. We also consider a number of more complicated patterns. We demonstrate that adding a pair of resonant vectors, or any number of nonresonant ones, always produces an unstable solution. A set containing several resonant quartets without resonant coupling between them may be stable, but it is less energetically favorable than a single quartet.
INTRODUCTION
The discovery of 3D [1] and 2D [2] quasicrystallic structures in solids has suggested that dynamical patterns with a quasiperiodic (QP) structure may also exist in nonequilibrium systems. A detailed theoretical analysis of conditions providing for existence and stability of such patterns in 2D systems was developed in [3] . The analysis was based on the assumption of weak overcriticality, which made it possible to study conditions for existence and stability of the QP pattern within the framework of a finite-mode approximation. A full system of stability conditions for the 2D QP pattern of an arbitrary order N ≥ 4 (which is the number of the wave vectors on which the pattern is based) was obtained in Ref. [3] in an analytical form. Soon afterwards, the first dynamical QP patterns with N = 6 were observed in the so-called Faraday ripples (a shallow liquid layer subjected to high-frequency vertical vibrations) in the case of a two-frequency drive [4] .
The model studied in Ref. [3] included linear, quadratic, and cubic terms. Except for the case when N was a multiple of 3, quadratic terms could be eliminated, so that existence and stability of the patterns were determined only by nonresonant cubic nonlinear terms, i.e., the ones which do not depend on phase differences between the spatial modes that constitute the pattern. In a general form, the corresponding system of evolutional equations for the complex amplitudes A n of N modes is
Here ǫ is the overcriticality, the nonlinear self-interaction coefficient is set equal to one, and g(θ mn ) are coefficients of the nonlinear interaction between the modes with the angles θ mn between the corresponding wave vectors. In Ref. [3] it was shown that, for each value of N , there existed a number of different patterns that could be constructed as linear combinations of the spatial modes exp(ik j x), k j being N unit vectors with equal angles π/N between the neighbors. Some of those patterns are always unstable (e.g., in the case N = 4, the pattern consisting of three modes), while others (including the QP pattern itself, i.e., a combination of all the modes with equal amplitudes) have certain stability domains in the space of the parameters g(θ mn ) (see Eqs. (1)). A fundamental property of the patterns produced by the nonresonant cubic terms is that stability domains of different patterns do not overlap, or, in other words, different patterns cannot coexist. This is a principal difference from the well-known properties of the classical hexagonal patterns [5] , which, being produced by competition between the nonresonant cubic and resonant (phase-sensitive) quadratic terms, may stably coexist with another pattern, e.g., the rolls [5] (the QP patterns in which N is a multiple of 3 have the same property [3] ).
It is possible to produce a strong resonance of a new type between four spatial modes (N = 4) through cubic terms. In the evolution equation for, e.g., the amplitude A 1 , the nonresonant cubic terms are |A n | 2 A 1 , see Eq. (1) . A resonant cubic term in this equation could be A * 2 A 3 A 4 , and similarly in the other equations. However, in isotropic 2D systems, where a pattern-forming instability sets in at a finite perturbation wave number, such terms assume existence of a set of four different unit vectors the sum of which is zero. This is impossible because any planar quadrangle with equal sides is a rhombus, hence only two directions of the unit vectors out of the four would be different. The necessary configuration may exist in anisotropic 2D systems. Indeed, resonant cubic terms occur in a model of the traveling-wave convection in liquid crystals [6] . Still earlier, the same terms where considered, in a more abstract context, by Pismen [7] . However, the works [6] and [7] were dealing with traveling-wave structures rather than stationary ones, therefore resonant QP patterns were not considered in these works (see details in section 3).
In this paper, we aim to demonstrate that stable QP patterns supported by the competition between nonresonant and resonant cubic terms can naturally appear in a 3D laser cavity governed by the MaxwellBloch (MB) equations [11] . The nonlinearity in these equations is quadratic, but effective evolution equations for amplitudes of the four resonantly coupled modes will have a pure cubic nonlinearity, which includes resonant terms. We will find that the QP patterns stably coexist with the quasi-1D "rolls". As mentioned above, coexistence of stable patterns of different kinds is a typical manifestation of the resonant interactions. Our effective amplitude equations admit a gradient representation, which will allow us to compare the global stability of the locally stable coexisting solutions by comparing values of the corresponding Lyapunov function (LF).
To apply these results, obtained for the infinite systems, to realistic physical models, it is crucially important to consider sidewall effects. Strictly speaking, the quasiperiodicity is incompatible with the boundary conditions (b.c.) representing the sidewalls. In particular, a no-slip sidewall favors a family of rolls parallel to wall. Nevertheless, QP patterns were observed in the finite (although large enough) experimental cells [4] . A general explanation for this is, as a matter of fact, well known: in the case when an energetically preferable bulk pattern is incompatible with b.c., the system forms a narrow boundary layer separating the bulk pattern from the sidewall (see, e.g., [8] ), a minimum linear size of the system necessary for existence of the bulk pattern scaling as the inverse overcriticality. However, in the model where the resonant cubic terms are present, the role of b.c. may be much more nontrivial. Indeed, if the cavity has any cross section more complicated than a parallelogram, e.g., a trapezium or a polygon, which is quite easy to do in the experiment, its three nonparallel sidewalls are apt to generate three mutually orthogonal families of the rolls. Superposition of any two roll families should lead to formation of a rectangular cellular pattern. However, patterns of the latter type are always unstable when the rolls are stable (see, e.g., [5] ). Therefore, in the usual models without the resonant interactions, a network of grain boundaries separating domains occupied by the rolls with different orientations builds up instead of the rectangular patterns [8] . If the cubic resonant terms are present, the roll and rectangular patterns are still incompatible (as it will be demonstrated in this work). However, three families of the interpenetrating rolls will generate, through the resonant terms, a fourth family, so that together they can form a stable QP pattern. Thus, the sidewalls can favor formation of the "quasicrystal", rather than suppress it. Moreover, one may expect quite an interesting resonant effect if the directions of four sidewalls of the cavity with the quadrangular cross section are chosen so that to match the four families of the rolls that constitute the QP pattern. However, consideration of the latter problem is left beyond the scope of the present work.
It is suggested by analogy with the well-known grain boundary between the rolls and hexagons [9, 8] that a boundary between the rolls and the QP pattern is possible too. However, the same analogy suggests that this boundary, as well as any one separating patterns of different types, will be moving, so that an energetically favorable pattern will be ousting a less favorable one, except for a very narrow parametric range where pinning takes place (see,e.g., [8] and [10] ). As it will be demonstrated below, at least in some cases a realistic model of the laser cavity makes the QP pattern preferable to the rolls, so that we may indeed expect that the "quasicrystal" will be a dominant pattern.
The b.c. supporting a QP pattern are also important in another respect. As it will be demonstrated below, the QP solutions for an infinite system are highly degenerate, depending on four geometric degrees of freedom. If, however, the sidewalls select the orientation of all the roll spatial modes that together constitute the QP pattern, as it was outlined above, the degeneracy will be almost completely lifted, which strongly simplifies the prediction of an actual QP pattern to be expected in a given laser cavity.
The paper is organized as follows. In section 2, we find the neutral stability surface for the 3D MB equations and demonstrate how a resonantly coupled quartet of the spatial modes can be constructed. Derivation of the amplitude equations for the four resonantly coupled modes is outlined, skipping technical details, also in section 2. In section 3, stationary solutions of these equations are found, including the resonant one, and their stability is examined. It is demonstrated that the rolls, represented by a singleamplitude solution, and the "quasicrystal", represented by a four-amplitude one, are simultaneously stable against small perturbations, while a competing periodic rectangular pattern based on a two-amplitude solution, is always unstable. As for the global stability, both rolls and the QP solution may realize an absolute minimum of LF, depending on details of the physical model. In section 4, a generalization is considered, with the pattern built on more than four vectors belonging to the neutral stability surface. For example, one can take six vectors that include three different resonant quartets. We show that the corresponding pattern is unstable, in contrast with the one based on the four vectors. Solutions obtained by adding any number of nonresonant vectors to the resonant quartet are also shown to be unstable. A pattern built on several resonant quartets without resonant coupling between them proves to be stable, but it has a value of LF larger than that corresponding to the single quartet. Section 5 is devoted to a more detailed consideration of the sidewall effects. Apart from the general discussion above, we demonstrate that the simplest b.c. corresponding to the square cross section of the cavity support a stable periodic cellular pattern formed by superposition of four elementary square modes. Although this pattern is not QP, the system of the corresponding amplitude equations also contains resonant cubic terms, hence in this case nontrivial coexistence of different patterns is possible too. These patterns are relevant for moderate-size cavities; for larger systems, the above-mentioned global patterns (including the QP one) are energetically preferable.
EQUATIONS FOR THE RESONANTLY COUPLED MODES
Making use of the so-called Lorentz scaling, one can cast the 3D MB ring laser equations into the form [11] ∂f ∂t
where f and p are, respectively, the complex envelopes of the electromagnetic field and polarization, real n is the population inversion, ∇ ⊥ is the Laplacian acting on the transverse coordinates x and y, σ measures cavity losses, Ω is the cavity detuning, and the control parameter r is the pumping rate. In this section, we assume that the system is infinitely broad in the transverse direction. In the z-direction, the ring-cavity high-finesse boundary conditions are imposed [12] :
, L being the ring's length. We will assume large L (formally, L = ∞).
Proceeding to stability analysis for the nonlasing solution f = p = n = 0, we linearize Eqs.
(1) through (3). It is straightforward to see that the nonlasing solution is stable at r ≤ 1. For r > 1, it becomes unstable with respect to the perturbations ∼ e ikr+γt , where the 3D wave vector of the perturbation is k ≡ (Q, P, K) (K is its z -component), and the instability growth rate may be complex, γ = γ r + iγ i . The linearized equations yield the neutral stability surface (γ r = 0) in the 3D space of the wave vectors in the following form: γ i = −Ω, and
It immediately follows from Eq. (4), that, as r attains the critical value 1, the perturbations that will first become unstable have wave vectors belonging to the paraboloid
At r = 1, the full eigenmode of the linearized system pertaining to the wave vector k that belongs to the critical surface (6) is
where the three components relate to the variables f , p, and n, respectively, and A is an arbitrary amplitude. We will later need also the eigenmode of the adjoint linear problem,
Proceeding to the nonlinear problem at a small overcriticality, 0 < r − 1 ≪ 1 , we will be looking, in anticipation of the resonant interaction involving four modes, for a solution in the form of a combination of four spatial modes (7) with different wave vectors k m (m = 1, 2, 3, 4) belonging to the critical paraboloid (6), the small amplitudes A m being assumed slowly varying functions of time:
Our objective is to derive evolution equations for the amplitudes (for the derivation in the 2D case, see [11] ). To this end, we substitute Eq. ( 9) into Eqs. (2) through (4) and collect different powers of the amplitudes. At the first order, the equations are satisfied automatically. At the second order, we use Eq. (3), which did not show up at the first order. This equation allows us to express the population inversion n as a quadratic combination of the amplitudes A m . Next, at the third order, the quadratic expression for n is inserted back into the term nf in Eq. (2) . This leads to a system of linear inhomogeneous equations for the third-order corrections to the amplitudes A m , and the nonlinear evolution equations for the amplitudes can be obtained from a solvability condition for this system. The latter condition is equivalent to equating to zero the inner product of the right-hand side of the linear inhomogeneous system and the adjoint eigenvector (8) . We skip details of lengthy but straightforward calculations. The resultant evolution equations take the form displayed below. The resonant cubic coupling appears for quartets of the critical wave vectors related by the equation
Substituting the dispersion relation (6) into the z-component of Eq. (10), one arrives at an elementary geometric problem: find two pairs of the two-dimensional vectors q 1,2 and q 3,4 with the components (Q, P ) that satisfy the equations
A general solution to this problem is shown in Fig. 1 . As one sees, the general solution contains four degrees of freedom. Notice, however, that if the directions of the wave vectors are selected by the sidewalls as described in Introduction, the only remaining degree of freedom is the common linear size of the geometric construction shown in Fig. 1 . Finally, the evolution equations for the amplitudes of the resonant quartet are (cf. Eq. (1)) (11) . The circumference has an arbitrary radius, the length of the segment a is also arbitrary, and A and B are arbitrary points on the circumference.
where τ ≡ σ(σ + 1) −1 t. The last terms on the right-hand side of these equations account for the cubic resonant coupling between the modes.
ANALYSIS OF THE AMPLITUDE EQUATIONS
In this section, we will consider stationary solutions to Eqs. (12)- (15) and their stability. The simplest solution is the one representing "rolls", with a single nonzero amplitude (χ stands for the set of all the amplitudes):
where one can immediately find A 2 = r − 1. To analyze the stability of this solution, we seek for a perturbed solution with separated phase and amplitude perturbations ψ m and α m : 
from where we conclude that the roll solution (16) is stable. Next, we are looking for solutions with all the amplitudes equal,
Introducing φ ≡ φ 1 + φ 2 − φ 3 − φ 4 and substituting Eq. (19) into Eqs. (12) through (15), we arrive at the following equations for A and φ:
Nontrivial solutions correspond to sin φ = 0, i.e., (i) φ = 0 or (ii) φ = π. In the case (i), we obtain immediately A 2 = 1 9 (r − 1), and in the case (ii), A 2 = 1 5 (r − 1). Only one of these two solutions can be stable. Indeed, perturbing again the phase and amplitude of the solution,
and substituting this into Eqs. (12)- (15), we deduce the equations for the phase perturbations,
where the upper and lower signs correspond, respectively, to the cases (i) and (ii), and ψ ≡ ψ 1 + ψ 2 − ψ 3 − ψ 4 . Combining these equations, we obtain, for the two cases,
from where one concludes that in case (i) the solution is unstable against the phase perturbations, while in the case (ii) it is stable. We will now check if the solution corresponding to the case (ii), i.e.,
is stable against the amplitude perturbations. As usual, we assume that all the perturbations α m defined in Eq. (17) depend on time as exp(γτ ). After a straightforward algebra, the following eigenvalues of the instability gain γ can be found: γ = − 2 5 (r − 1), and γ = −2(r − 1). Since both are negative, the solution (24) is fully stable.
Thus, Eqs. (12)-(15) including the resonant cubic couplings simultaneously have two different stable solutions, viz., the "rolls" with a single nonvanishing amplitude, and the solution with four equal amplitudes and the net phase π. It follows from the above geometric construction for the wave vectors of the four spatial modes that, in the general case, the spatial pattern corresponding to the latter solution will not be periodic (i.e., the pattern will be QP) both in the 2D plane (x, y) and in the third direction z, as there is no reason for components of all the four wave vectors to be commensurate in any direction. Typical examples of the QP pattern are displayed (in the 2D projection) in Fig. 2 . In some special cases, nevertheless, the pattern based on the four wave vectors satisfying Eq. (11) may be periodic, see section 5.
Solutions with four equal amplitudes were also found in [3] for a system of four equations with nonresonant cubic nonlinearities, and this solution corresponded to a QP pattern in 2D. However, a difference was that, in the parameter range in which this solution was stable, all other solutions, including the rolls, were unstable, and, vice versa, stability of the rolls precluded the stability of any other pattern, including the QP one. In the present model, the rolls and the QP pattern stably coexist, which is a typical consequence of the resonant coupling.
Another remark should be made in connection with the work [6] (see also [7] ). Solutions of the form (24) are possible only if the coefficients of the system of the ODE's are real. A particular case of such solutions was found in [7] and [6] , where, instead of Eqs. (12)-(15), a similar system with complex coefficients was considered, which described interacting traveling waves rather than a stationary pattern. One can check that, in the complex system, only a solution (24) with φ 1 + φ 2 = 0 and φ 3 + φ 4 = π is possible. Consequently, in the 4-dimensional space of the phases (φ 1 , φ 2 , φ 3 , φ 4 ), only the two components φ 1 and φ 3 will be linearly independent. Our solution (24) allows for more freedom: we have one restriction imposed on the four phases, φ 1 +φ 2 −φ 3 −φ 4 = π, hence there are three linearly independent components. Thus, the system with the real coefficients admits a much wider class of solutions of this type.
In an attempt to find more general solutions similar to (24), one can try the form A l cos (q l r l ) with equal |A l |. They differ by the phases φn (φ 1 + φ 2 − φ 3 − φ 4 = π according to Eq. (24)) and the angle α between the vectors q 1 − q 2 and q 3 − q 4 : (a)
again with φ 1 + φ 2 − φ 3 − φ 4 = π. Substituting this into Eqs. (12)- (15), one can check that the only possible solution is A = B, which is exactly the above solution (24).
Eqs. (12)-(15) also admit solutions in which two amplitudes, either A 1 and A 2 , or A 1 and A 3 , are different from zero, while two others vanish. The two-amplitude solutions correspond to periodic rectangular patterns [3] . The analysis of such solutions, including investigation of their stability, does not differ from that performed in [3] . The final result is that they all are unstable. Thus, the roll and rectangular patterns remain incompatible in the model including the resonant couplings.
As we have found two coexisting stable solutions, a natural question is which of them is "more stable". To answer this question, we notice that Eqs. (12)-(15) can be represented in the gradient form,
with the Lyapunov function (LF)
Metastable solutions correspond to local minima of LF, while a globally stable solution realizes an absolute minimum. Substituting the solutions into Eq. (27), we find that the value of LF for the roll (single-
while for the resonant (four-amplitude) solution (24) it is
2 . It follows that L 1 < L 4 , which means that the QP solution (24) is metastable, while the rolls (16) are absolutely stable.
In this section, we were dealing with the dynamical system (12)-(15) with certain coefficients in front of the nonlinear terms, which were obtained from the full MB equations ( [11] ). It may be interesting to consider a generalization for arbitrary values of these coefficients [3] . We have performed this analysis. We do not display here detailed results but note that a different laser-cavity model, viz., the Fabry-Perot standing-wave laser, is described in a similar way. In this case, material diffusion along the laser axis can partially or completely wash out the effective standing-wave grating of the period with the four-amplitude one is that with two nonvanishing amplitudes, rather than the single-amplitude rolls. As it was already mentioned, the two-amplitude solutions give rise to quasi-2D periodic patterns composed of square or rectangular cells.
MULTIMODE PATTERNS
In this section, we will consider generalizations of dynamical system (12)- (15) for patterns based on a larger number of the vectors. The simplest generalization includes three pairs of them that are based on the same horizontal segment and are inscribed into the same circle, see Fig. 3 . Obviously, any two pairs in Fig. 3 form a resonant quartet, so that we have three different quartets. In other words, each individual mode is involved into the resonant interaction with two different triads of other modes. The corresponding system of six evolution equations is
We are interested in a stationary solution to this system similar to the above solution (24), i.e., A m = Ae iφm with one real amplitude A but different phases. We introduce
and obtain from Eqs. (28)-(33) the following dynamical system for these phases:
Eqs. (42)-(44) have a stationary solution if
the remaining part of Eqs. (28)-(33) being satisfied by setting
Lastly, the common amplitude is found to be A = (r − 1)/(11 + 4η). Proceeding to stability of this solution, we notice that the linearized equations for the amplitude and phase perturbations do not decouple in the linearized equations (28)-(33). Nevertheless, all the eigenvalues γ of the instability gain can be found after some algebra:
where η is defined in Eq. (41). All the eigenvalues (42) - (46) We also considered a possible pattern based on four pairs of vectors, all of them being inscribed into the same circle. However, it can be shown that, because of the resonant cubic terms, the equations for the phases of the eight modes are incompatible in this case, so that the pattern does not exist.
As the next generalization, we will consider a group of four models in resonance plus n nonresonant modes, so that their total number is 4 + n. In this case, four equations for the resonant modes contain exactly the same resonant terms as in Eqs. (12)-(15) . The remaining equations for the n nonresonant modes contain only the usual nonresonant cubic terms. To simplify matters, we will display only the equations for the first resonant amplitude A 1 and for the first nonresonant one A 5 :
We are looking for solutions with equal amplitudes of all the resonant modes, and also with equal amplitudes of the nonresonant ones, while the phases may be different:
The phases of the resonant subset must satisfy the constraint φ 1 + φ 2 − φ 3 − φ 4 = π, with regard to which we obtain
The stability analysis for this solution shows that, at any n > 0, the phase perturbations always produce an eigenvalue γ = 6(r − 1)/(6n + 5), which is positive. Thus, adding any number of nonresonant modes to the resonant quartet always destabilizes it.
The last generalization is to consider n resonant quartets with no cross-resonance between them. Such solutions have the form
where for all 1 ≤ j ≤ n, the resonant constraint is imposed: φ j1 + φ j2 − φ j3 − φ j4 = π. The common amplitude is found to be
where n is the number of the resonant quartets. The subsequent stability analysis demonstrates that the phase perturbations do not produce any instability, while the amplitude perturbations yield the following (multiple) eigenvalues of the instability gain:
We conclude from here that a set of n separate resonant quartets is stable. In order to find which of them wins in terms of the energy, we have calculated the corresponding values of LF:
As it immediately follows from Eq. (54), the value of LF increases with n. Thus, the most stable pattern corresponds to the single quartet, n = 1.
PATTERNS IN A FINITE SQUARE DOMAIN
All the above analysis was done for infinite systems. The role of b.c. representing sidewalls in a physically realistic formulation was discussed in the Introduction. Apart from what was considered there, we can also directly consider patterns satisfying b.c. in simple domains, and first of all, in a square. The finitesize laser cavity is described by the same system of the MB equations (2)- (4), which are supplemented by setting r = −∞ outside the cavity. Thus, we are looking for a solution that identically vanishes beyond the sidewall. Due to the continuity, the solution inside the cavity must then vanish exactly at the boundary, while, by analogy with the commonly known problem for the infinitely deep potential wall in quantum mechanics, the normal derivatives need not vanish at the boundary. If the the cavity occupies the square domain |x| ≤ (2)- (4) is, instead of (7),
where Z n (x) ≡ cos π L nx for n odd, and Z n (x) ≡ sin π L nx for n even. The eigenmode (8) is transformed accordingly. Finally, in the critical paraboloid (6) one should substitute Q ≡ π L n and P ≡ π L m. We now assume a superposition of four eigenmodes of the type (55). The resonance condition (11) for the discrete wave vectors takes the form n 1 + n 2 = n 3 + n 4 , m 1 + m 2 = m 3 + m 4 , and n Further derivation of the nonlinear evolution equation for amplitudes of the four superimposed modes is straightforwardly following that outlined above in section 2. An essential point is, however, that 
, where φ l and α have the same meaning as in Fig. 2 .
coefficients in expansion of expressions of the type
are essentially different from those in the expansion of
. Therefore, the coefficients in front of the cubic terms in the final form of the amplitude equations are this time different from those in Eqs. (28) - (33):
and similar for other values of the subscripts. The single-amplitude solution to Eq. (56) has the form (16) with A 2 = 16 9 (r − 1), and the fouramplitude solution with the net phase φ = π takes the form (19) with A 2 = 16 39 (r − 1). As well as in the case considered in section 3, these two solutions are simultaneously stable against small perturbations, which is provided by the resonant cubic term. The four-amplitude solution with the zero net phase and the two-amplitude solutions are unstable. Finally, one can consider LF corresponding to Eq. (56). The result is that the single-amplitude solution is preferable to the four-amplitude one, but a relative difference in the values of LF between them is only 1/13.
Thus, we conclude that not only a QP solution, but also a nontrivial periodic one, which is also a superposition of four spatial modes, can be stabilized by the resonant cubic coupling. In Fig. 4 , we display typical examples of the pattern corresponding to this four-amplitude solution. Comparison with the patterns shown in Fig. 2 clearly demonstrates the difference between the periodic and quasiperiodic structures.
If the cavity is sufficiently large, one may expect that, even in the square-shaped one, the solutions considered in this section will be less energetically favorable than the bulk patterns considered in section 3. Although it is not our objective here to rigorously proof this assertion, it seems feasible simply because the spatial average of (A l + A * l ) cos( π L nx) cos( π L my) 4 is smaller than that of A l e iqnr + A * l e −iqnr 4 . To conclude this section, it is relevant to mention that we have performed a similar but more technically involved analysis for a cavity with a circular cross section, as well as for cavities with smoothed b.c. instead of the infinitely sharp boundary. In the former case, we find a four-mode cylindrically symmetric state which is governed by a system of the amplitude equations similar to Eq. (56), but with different coefficients. In the latter case, we have found that the smoothed b.c. lift the degeneracy of the simultaneously existing resonant patterns based on different sets of the discrete wave vectors. However, a detailed account of these generalizations will be given elsewhere.
CONCLUSION
In this work, we have demonstrated that the Maxwell-Bloch equations for a 3D lasing medium naturally lead, above the onset of instability of the nonlasing state, to stationary patterns which are based on four wave vectors and are quasiperiodic in all the three spatial directions. The effective evolution equations for the corresponding complex amplitudes contain only cubic nonlinear terms. In contrast to the usual systems with cubic terms, in this case some of the cubic couplings prove to be resonant, which drastically alters the solutions. The most important modification is the fact that two different solutions may stably coexist, viz., the single-mode state and the quasi-periodic one with four equal amplitudes. Using the Lyapunov function, we were able to compare the global stability of the two coexisting patterns. We have concluded that either of them may be more energetically favorable, depending on details of the physical model.
An important issue is the influence of boundary conditions. We have proposed a mechanism through which the boundaries, instead of suppressing the quasiperiodic pattern, can help to support it, provided that the cavity has a trapezium cross section. We have also constructed a four-mode solution satisfying the boundary conditions in the case of the square-shape cavity. Although the latter solution is not quasiperiodic, it is also stabilized by the resonant cubic coupling between the modes, hence it coexists with the single-mode one.
A number of generalizations based on more than four wave vectors have been considered too. In particular, it was shown that addition of another pair of the wave vectors, so that one is dealing with a set of six of them, containing three different resonant quartets, produces an unstable solution. Next, it was demonstrated that adding any number of nonresonant vectors also destabilizes the solution. At the same time, stable solutions containing several resonant quartets without resonant cross-couplings are possible, but they are always less energetically favorable.
Lastly, direct study of stability of the patterns considered in this work against arbitrary perturbations within the framework of the full Maxwell-Bloch equations remains an open problem that requires heavy numerical simulations.
